Abstract. We study the equivalence between the 73(G) norm and the supremum norm in the Banach space Am, the closed subspace of B(G) which is generated by the coefficients of a continuous, unitary, irreducible, infinite dimensional representation it of a locally compact, noncompact group G.
1. Introduction. Let B(G) be the Fourier-Stieltjes algebra of a locally compact group G with the usual norm:
ll"IU=suP If f(x)u(x)dx :fELx(G), ||/1|C.(G) < 1, C*(G) being the C* algebra of the group G; let A" be the closed subspace of B(G) generated by the coefficients {(tr(x)w, z): w, z E H") of a unitary representation m of G on a Hubert space //" with inner product (•, • ) [1] , [2] , [3] .
We are interested in comparing the B norm and the supremum norm on this subspace. If the representation 77 is contained in the left regular representation of G and G is abelian and compact, then the equivalence of the two norms on A^ is equivalent to the support of tt being a Sidon set in the dual group of G [4, Theorem 5.7 .3], [2, (2.13) ]. Sidon sets have also been studied in the context of nonabelian compact groups.
In the noncompact, nonabelian case, even the problem whether for a single infinite dimensional irreducible representation the two norms are equivalent or not on A" seems to be a nontrivial one. Although we are not able to give any necessary and sufficient condition, we prove that for a fairly large class of such representations the norms are inequivalent.
On the other hand we give a sufficient condition for the equivalence, and we provide an example in which this phenomenon occurs. Our results are contained in the following theorems: Theorem 1. If the subgroup tr(G) of the unitary group % on //" satisfies the condition:
"there exists a 8 > 0 such that for every two finite orthonormal systems {w¡), {z¡}, (i = I, ... ,k) in Hv and for every unitary operator U E Gli, there exists an operator U' E tt(G) such that:
then the B norm and the supremum norm are equivalent on A".
Theorem 2. If all the coefficients of the representation -n vanish at infinity (possibly modulo the kernel of the representation), then the norms are inequivalent on A". IT Theorem 3. Let it be a representation of G which is induced by a representation p of a closed subgroup N such that the homogeneous space G/N is not discrete. Assume that:
either G/N has a G-invariant measure, or N is compact and G/N has a relatively invariant measure; then the two norms are inequivalent in Av.
We recall that the representation it is always assumed irreducible. For theorems and terminology about induced representations we will refer to [5] .
We denote by £(//) the algebra of all the bounded linear operators on a Hilbert space H, and by ^(H) the ideal of the trace class operators with norm: ||r||, = tr(j 7"!), where |r| is the absolute value of T and tr is the canonical, faithful, normal semifinite trace on t(H)+. We recall that £(//) can be identified with the dual of 'ö(H) via the pairing (L, T) = tr(LT), L E £(//), T E <ö(H) [6] .
We will make use of the following characterization of An, for 77 irreducible, which can be easily deduced from [7, Theorem 3] . Proposition 1. A" is isometrically isomorphic to ^(H^) via the so-called "inverse Fourier transform localized at it":
i.e. every function in A" is of the form t for some T E ^(H^), the correspondence is one-to-one and \\t\\B(G) = \\T\\X.
We thank Professor A. Figà-Talamanca for suggesting this problem to us and Professor L. DeMichele for his useful advice.
2. Proof of Theorem 1. We prove a more general result for any subgroup T of the unitary group % of the Hilbert space H" satisfying the hypothesis of the theorem. Namely, if for such subgroup we define n(T) = sup\tr(UT)\: U E % License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use then «11711, < 7i(7) < ||r||" for every T G V(HW).
The theorem will follow by Proposition 1, choosing T = ir(G) so that n(T) = ||i|L.
It is enough to prove the left-hand side inequality for all the finite rank operators, which are dense in ^(H") with respect to the trace norm. The right-hand side inequality is trivial. Without loss of generality let the operator Tbe defined by: Tw = 2*_i Xi(w, z¡)w¡, w E H", A, complex numbers, {w,}, {z,} being orthonormal systems in H".
Then On the other hand it is easy to see that:
(1-5) S IM -«irnii Example 1. Let % be the discrete unitary group on the (separable) Hilbert space //, and let it be the standard representation of % onto itself; it is clearly irreducible, continuous, infinite dimensional if H is so, and 7r(%) = % satisfies trivally the hypothesis of Theorem 1 for every S > 0, so that the two norms are equal on A". Remark 1. In [8, Theorem 4 ] the closed normal subgroups of the unitary group of a Hilbert space H are characterized. Except for the finite subgroups, they have to contain all those unitary operators which act as the identity on the complement of a finite dimensional subspace, so that they have to be weakly operator dense in the unitary group. Consequently they satisfy the hypothesis of Theorem 1 as well, and the same kind of argument applies to their standard representation in the unitary group as in Example 1.
3. Proof of Theorem 2. In this section we prove Theorem 2, i.e. the inequivalence of the two norms on A", for a representation it whose coefficients vanish at infinity.
This class includes, for instance, the square integrable representations, since their coefficients may be written as convolutions of two functions in L2(G) [6, (14.1)]. Lemma 1. Let K be a compact subset in a Hilbert space H, {wn) an infinite orthonormal system; then "ij?1» {sup|(z,H>n)|:zGA}=0.
Proof. By standard arguments. Lemma 2. Let {u"(x)} be a sequence of complex continuous functions on a locally compact space X such that: (i) |w"(x)| < 1 for every xEX,n = 0,l,2,...,
(ii) un vanishes at infinity for every n, (iii) {un) tends to zero uniformly on compact sets as n -» + oo. Then, given e > 0 and a sequence (c,} G I2 such that IML<e/2||c,||2
there exists a subsequence {u^ } such that Proof. Choose a monotone sequence of positive numbers {e,} such that IKII2 < eA Define no = 0. and K0= {xEX:\uno(x)\>e0}; let 7i, be such that, if n > nx, then \un(x)\ < e, for x E K"a. In general let n¡ be such that, for 77 > n¡, An easy computation shows that tr(|r|) = ||c,||2. Moreover: 00 u(x) = t(x) = tr(n(x)T) = 2 ci{it(x)wn¡, w0).
/=0
Then by Lemma 2 ml < «2-« ^m)-«h* Since e is arbitrary the two norms are inequivalent.
Remark 2. This argument can actually be carried out whenever we have a family § of subsets of G such that:
(i) § is stable under finite unions, (ii) there exists an orthonormal system {wn) in the Hubert space //" such that the sequence of coefficients "«(*) = i>(*K. w0) goes to zero uniformly on the sets of §, (iii) the coefficients un(x) "vanish at infinity" with respect to §, i.e. for every e > 0 the set (x G G:|k"(x)| > e) belongs to §.
Remark 3. If we replace the topology of G with a finer one (e.g. the discrete topology) we may get a representation whose coefficients do not vanish at infinity, while the two norms are still inequivalent, for Av does not change [2, (2.11)], [1] . (d>(x), >Kx))" dp.(x').
G/N '
If X(g), g G G, is the modular function of the relatively invariant measure u on G/N, we have:
Let us consider a continuous, nonnegative real valued function/on C7, whose support S is such that S n CN is compact for every compact C in G, and which satisfies the relation If /x is G-invariant, X(g) = 1 for every g E G and ¡i(Ej n (g-1^)) is dominated by p(Ej) uniformly with respect to g G G, hence 11 {,-11 oo -* 0.
Otherwise it is easy to see that Z={g:Ejn(g-xE0) ¥=0} = CjNC0~x, where C} and C0 are compact sets in G such that p(Cj) = £). We have X(g) < constant for g E CjNCqX c C^Cq"1, since TV" is compact and X continuous, being the modular function of a relatively invariant measure, and this completes the proof.
